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difference squared, and if we define a new function, which is also one-valued, 
and infinite for zero value of the argument, by 

F(x) f(x) -.f(2t) 
f(Tt) - f(? t)' 

we get F(x+y)4F(x)+F(y)} =F(x). F(y)- 1. 
In the same way equation (ii) becomes 

F(,) - - F( - x), .............................. (iii) 
from which we see that F(x)+F(Q,) does not vanish unless y is equal to ( -) 
increased or diminished by an integral multiple of t, in which case, as 
we already know, F(x+y) is infinite. 

We may, therefore, without ambiguity, divide both sides of the above 
equation by F(x) + F(y), and obtain 

F( F(x). F(:)- +F(:~+//) -F(x) F( ?) ..............................iv) 

This is the addition equation which, as is well known, suffices to determine 
F as one of the functions of single periodicity; F(x) being either cot(x), 
coth (x), or F 

(omitting arbitrary constants), according as the period is finite 

and real, finite and imaginary, or infinite. 
We are therefore able not only to actually carry out any unique collation 

in our primary catalogue, but to derive from it new catalogues in which the 
primary systems of conjugate pairs shall be determinied by hyperbolic or 
by reciprocal projective functions. It is obvious that these correspond to 
the geometries of Rielann, Lobatchewsky, and Euclid. The only other 
point to which I wish to draw attention now is this. In the various 
systems of Metageometry we are supposed to be dealing with various Spaces. 
But when employing different projective functions in a numerical catalogue, 
and so deriving fresh catalogues, we do not conceive ourselves as dealing 
with different groups of units, or different kinds of Order. We recognise 
that the differences are differences of Names, an(d not of things. 

The Hard, Hythe, 
EDWARD T. DIXON. 

Southampton, Feb. 13, 1911. 

ERRATA. 

p. 175, line 21 from top, for Q in line (1), read L in line (1). 
,, line 18 from bottom, for F1 with L2: consequently also L1 with F2, 

read FI with L3: consequently also L2 with F3. 

p. 178, line 18 from bottom, for (1)-(3), read (1)-(2). 
,, line 17 from bottoin, for (1)-(2), read (1)-(3). 

SUGGESTED NOTATION FOR RATIOS AND 
CROSS-RATIOS. 

I WIsH to call attention to the value, for some purposes, of the notation 

a(b fo the ratio ab; ad ac for the cross-ratio ac: bc 
c/ ac b\d ad bd 

For instance: in Menelaus' theorem for the property of a transversal 
meeting the sides of a triangle ABC in the points P, Q, R, the first 
mentioned notation makes the property shine out very clearly. The 
equation in this form is 
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NOTATION FOR RATIOS AND CROSS-RATIOS. 

which conspicuously separates the points on the transversal from the 
angular points of the triangle. 

Thus, in Durell's Plane Geometry, vol. i., p. 119, where A, D, F are 
collinear points on the sides of a triangle BGC, and L, M, N are points 
(to be proved collinear) on the sides of a triangle QRP, the equations he 
obtains may be written Lr(\A (B) 

The application of Menelaus' is wonderfully obvious, the transversals 
standing out boldly from the triangular points. 

The cross-ratio expression (d) for four points on a range is a fairly 
obvious extension of the notation for a single ratio, being a condensation of 

a() )- 
The first umbral fraction a 

may be called the operator, and () the 

operand. The two are interchangeable, i.e. This is its 
simplest property. b 

a , a tc\ (c\ Particular cases are f = ; and a (d)=a( d b \m oo d d 

To invert ad) we must invert either the operator or the operand, it does 

not matter which. Thus, if the given cross-ratio =, )a -(c =-. 

If two cross-ratios with a common operator (or common operand) are to be 
multiplied, we may write the result as follows: 

afc\ afx\ =ac . x a(x c\a(x c 

as is obvious on expansion. Hence the parts of a compound operand are 
commutative. 

The fact that -(b ) x*- ()= 1, as stated above, is a particular instance of 
this theorem. b b\c 

Another useful application of the theorem is 
a(c d ac dc\ a c\ 
ba)6 Xb bel eb d ) b e) 

-and similarly ') )=Cd) in which the operators are now com- and similarlyz Q) d e a 

pounded and simplified. 
Euler's theorerr ab. cd+ac. db+ ad. bc=O can be put into the form 

ab. cd ac. bd 
ad. cb ad . be 

i.e c (b) a(c\ 

so that if we interchange, cross-wise, a pair of letters between operator 
and operand, we obtain the complementary cross-ratio. 
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Hence the two fundamenltal equations for one set of cross-ratios are 

(1) ()x 
c 

\) = 1, the reciprocal equation; 

(2) ( ~ + - ( ) = 1, the complemientary equation. 

To evaluate such a ratio as d(K)' 

We have ac( 1 1 b c J 
- 

b c 16(d) (c) 1 

by the use of equations (1) and (2). 
The interesting fact that 

a(c) a(d\ (a b b ( x- )x ( b) = -1 
b d c b/ d\c/ 

is no doubt most easily proved by putting the cross-ratios in their expanded 
form, but the above form is an expressive way of representing the identity. 

It is also easy to prove it fromr equations (1) and (2), thus: 

cac a cc1 

The product 1 - -1 c d1 c d\c] ) 
\ 

cA ) 
Or we may proceed thus: 

at,) x a xax = 1, obvious on expansion, 

and we have merely to show that 

b d) x c() x d(b) - 1, which is similarly obvious. 

iVote. The notation a 
(l) is equally handy if the letters denote, instead 

of mere points on the range, distances measured from a common origin. 
In this case it stands for c-a c-b. 

d-a d-b 
I am not suggesting that the above notation should supersede the 

notation (abed) : 
If we say (abcd)=(a'b'c'd'), we mean that any one of the six cross-ratios 

typified by the one is equal to the corresponding cross-ratio typified by the 
other. My notation would only be used when we wish to deal with special 
cross-ratios out of the six possible ones, and is perhaps specially useful in 

the multiplication of cross-ratios of the type a(c x b . 

Examples of such multiplication will be found in J. J. Milne's Cross-ratio 
Geometry, p. 13, Ex. 3; p. 192, Art. 201; p. 196, Art. 207; p. 230, Art. 249; 
and p. 231, Ex. 1. And there are other parts dealing with reciprocal cross- 
ratios where the notation would be illuminating. 

I should be glad if some readers of the Gazette would express their opinion 
of the value of the above notations, and also as to whether they are new. 

ALFRED LODGE. 
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